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Abstract 
Mint, P., A tree-like continuum admitting fixed point free maps with arbitrarily small trajectories, 
Topology and its Applications 46 (1992) 99-106. 
In this paper an example of a tree-like continuum X is constructed such that for each positive 
number F and each positive integer j there is a map ,f: X + X with the diameter of each of its 
trajectories less than P, and with f’(x) # x for each x t X and i = 1,2,. , j. 
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1. Introduction 
By a continuum we understand a compact and connected metric space. A con- 
tinuum is tree-like if, for each positive number F, it admits an e-map into a tree. 
(A tree is a graph with no simple closed curve. A map is an e-map if the preimage 
of every point has diameter less than E.) 
Suppose that X is a continuum and f: X + X is a map. If n is a positive integer, 
then by f” we understand the nth iteration of ,f: If x E X, .f”(x) is the image of x 
and f-“(x) is the preimage of x under f”. by the trajectory of x we will understand 
the set U~=_,J’“‘(x), where f”(x) =x. 
In 1978, Bellamy gave an example of a tree-like continuum without the fixed 
point property [l]. His break-through construction solved an important problem 
posed earlier by Bing [2] and made it possible to study fixed point free maps on 
Correspondence to: Professor Mint, FAT Mathematics Department, Auburn University, Auburn, 
AL 36849-5310, USA. 
0166-8641/92/305.00 0 1992-Elsevier Science Publishers B.V. All rights reserved 
100 P. Mine 
tree-like continua. In this paper we answer the following question asked by Bellamy 
[7, Problem 281. Is it true that for each tree-like continuum X there is a positive 
number F such that every self map of X within F of the identity has a fixed point? 
In Theorem 4.2, we use Bellamy’s continuum to construct a tree-like continuum X 
such that for each positive number a there is a fixed point free map f: X+X with 
diameters of trajectories smaller than F. (For examples of other types of continua 
admitting maps with small trajectories see [6].) 
It is unknown (see [12, Problem 34; 7, Problem 35; 5, Problem 21) whether each 
mapping of a tree-like continuum into itself has a periodic point. A point x is 
periodic if there is a positive integer n such thatf”(x) =x. The mapffrom Theorem 
4.2 has periodic points, but for each positive integer j it can be constructed such 
that f’(x) # x for x E X and i = 1,2,. . . ,j. To get this property we need to make a 
slight variation in Bellamy’s construction. Even though it is described here in a 
different language, the continuum B, from Theorem 3.1 is essentially the same as 
the Bellamy continuum. In general, the continuum B, is obtained by following 
Bellamy’s construction in which the 6-adic solenoid is replaced by the n-adic 
solenoid, where n = 2(4’ - 1)(4’- 1) . . . (4’ - 1). For other examples of tree-like 
continua admitting fixed point free maps see [&lo]. 
2. Auxiliary propositions 
Let R denote the set of real numbers and let I denote the interval [0, 11. For real 
numbers r, t and z we will write z = r * t if either z = r + t or z = r - t. We will define 
an equivalence relation = on R by setting r = t if there is an integer m such that 
2m = r + t. Observe that for each r E R! there is exactly one number v(r) E I such that 
r = v(r). The so-defined mapping u : R + I is a continuous piecewise linear function 
which maps even integers to zero and odd integers to one. Note also that v(r) = v(t) 
if and only if r = t. 
Proposition 2.1. Suppose r is a real number and n is an integer. Then v(nu(r)) = v( nr). 
Proof. Since r = u(r) and n is an integer, nr = nv( r) and consequently v( nu( r)) = 
v(m). 0 
For each positive integer n let g, . I + Z be defined by the formula g,,(t) = v(nt). 
Proposition 2.2. If m and n are positive integers, then g,,, 0 g, = g,,, and thus g, and 
g, commute. 
Proof. Observe that g,g,,( t) = gm( u( nt)) = v( mu( nt)). It follows from Proposition 
2.1 that v(mv(nt))=v(mnt)=g ,,,,, (t), so g,,og,=g,,,,. q 
For each positive integer n, let S, be the inverse limit of the inverse system of 
copies of I with the bonding map equal to g,,. Let pr denote the projection from 
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S, onto the kth element of the inverse system. We will assume that S, is contained 
in the Hilbert cube Q = I’” such that each point x E S,, has the form (x,, x, , x2, . . . ) 
where xk =pk(x). Let e denote the point (0, 0, 0, . . ), and let E and D denote the 
sets p,‘(O) and p,‘(l), respectively. 
Proposition 2.3. Each point x E S,,\( E u D) belongs to a straight linear segment 
J(x) c S, with the endpoints e(x) E E and d(x) E D. If x, y E S,\(E u D), then either 
J(x) =J(y) or J(x) n/(y) is a common endpoint, or J(x) and J(y) are disjoint. 
Moreover, ifeEJ(x)nJ(y), then J(x)=J(y). 
Proof. Let EL and DA denote the sets (g:))‘(O) and (gt) ‘( 1). Observe that E,,= {0}, 
D,=(l), g,,(El,)=EL_, and g,,(Dk)=Dk , for k=l,2,....The set I\(E,,uD,) is 
the union of nk mutually disjoint open intervals each of which has one endpoint 
in Ek and the other in DL. The proposition follows from the fact that the g,, restricted 
to each of these intervals is a linear mapping onto the corresponding component 
of Z\(E,_, u Dk_,). 17 
Let J denote the only segment of the form J(x) containing e. Let d denote the 
other endpoint of J. 
The next proposition readily follows from Proposition 2.3 and its proof. 
Proposition 2.4. Suppose c: E\(e)+ I is a continuous map. Then the function 
c^:(S,\J)u{d}+Zdejined by theformula 
for xg E u D, 
for x E D, 
forxE E-(e) 
is continuous. 
By Proposition 2.2 the diagram 
commutes. Let g : S,, + S,, be the map induced by g,. 
Proposition 2.5. The map g is a homeomorphism for each even n. 
Proof. It is enough to prove that g is a bijection. Take points x, y E S, such that 
g(x) = g(y). Then for k = 0, 1, . . we have 2x, = 2y,, and since n is even, nxl, = nyL. 
102 P. Mine 
Since nxk+, =xk and ny,,, =y,, we have that xk = y, for each k = 0, 1,. . . . Thus 
x = y and the proof is complete. 0 
Proposition 2.6. Let n, i and j be positive integers such that n’ is a multiple of 2” - 1. 
Then e is the only fixed point of the map g’ : S,, + S,, . 
Proof. Let x E S, be a fixed point of g’. So 2’~~ = xk for each k = 0, 1, . . . . It follows 
that either (2’+ 1)~~ or (2’ - 1)x, is an even integer. Thus (2” - 1)x, is an even 
integer and consequently n’xl, is an even integer for each k = 0, 1, . . . Since 0 = 
v(nixk) = gn(xkti) = XI, we have that x = e. q 
Remark 2.7. The converse of Proposition 2.6 is true. If no power of n is a multiple 
of 2” - 1, then there is an integer m > 2 such that m and n are relatively prime and 
m is a factor of either 2’ - 1 or 2’+ 1. Let i be a positive integer such that n’ - 1 is 
a multiple of m. For any integer k, let i(k) denote the remainder from the division 
of k by i. Let p be a positive integer. Set xk(pu, m) = v(2pn’ I’“‘-l/m). Observe that 
4~ m) = (4~ m), X,(A m), x2(pL, m), . .I is a point of S,,, X(P, m) f e and 
x(p, m) is a fixed point of g’. On the other hand, one can prove that if x is a fixed 
point of g’, then x = x(p, m) for some integers p and m > 2 such that m and n are 
relatively prime and m is a factor of either 2’ - 1 or 2’ + 1. 
Let s: S,, + S, be the shift (to the left) map, that is s((xo, x,, x2,. . . )) = 
(x1,x2,x3,... ). Let Hk denote the set {XE E IxI, =0 and xL+, f 0). 
Proposition 2.8. For each x E H,,, xI, is rational. Moreover, if xA = zk/q, where zh and 
qk are positive integers, then limk,, qr = 00. 
Proof. The first part of the proposition is obvious. We can assume that zI, and qk 
are relatively prime. Since nh/q, is an integer, n and qA are not relatively prime. 
Since zklqk = nzk+,lqk+, , there is an integer m such that either nzk+,/qk+,+zk/q, 
or nzk+,/qh+, - zk/q, equals 2m. Thus (2mq, * zl,)/q, = nzk+,/q,+, . Since 2mq, * zh 
and qn are relatively prime, but n and qh+, are not, we have that qn+, > qA. (In fact 
&+l is a multiple of qk.) 0 
Observe that E\(e) = UFzt, Hk. Let w : E\(e) -+ H,, be defined by w(x) = sk(x) for 
x E Hk. Let r : H,, + H,, be defined by 
r(x) = 
1 
g(x), 
s(g(x)), 
if x, # 1, 
ifx,=l. 
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Proposition 2.9. The diagram 
commutes. 
Proof. Let x = (x0, x, , x2, . . ) be an arbitrary point of E\(e). There is an integer 
k such that x E HL. We will consider the following two cases: x~+, = 1 and xk+r f 1. 
The proof in each of the cases follows from the equality s 0 g = g 0 s. 
Case I : xk+, = 1. In this case n must be even, g(x) E Hk+,, w(g(x)) = s”+‘(g(x)) 
and r(w(x)) = s(g(s”(x))). 
Case 2: xk+,# 1. In this case g(x)E Hk, w(g(x)) =s”(g(x)) and r(w(x)) = 
AS“(X)). 0 
Proposition 2.10. The map r does not have periodic points in Ho. 
Proof. Suppose there is a positive integer j and a point x E Ho such that g(x) = x. 
Then there is an integer i 3 0 such that 2jxk+, = xk for each k = 0, 1, . . . . Since 
n’xh+, = xk, we have that 2’xk+, = n’xk+ ,. It follows that for each k = 0, 1,. . . there 
is an integer zI, = n’xk+! * 2’xk+; and either xk+, = z,/(n’+2’) or xk+i = zk/(ni -2j) 
which contradicts Proposition 2.8. 0 
The following well-known proposition is a simple consequence of [4, Theorem 
1; 11, Theorem 111 (see also [3]). 
Proposition 2.11. Suppose that f: X + Y is a continuous map of a one-dimensional 
continuum X onto a one-dimensional continuum Y such that f-‘(y) is a tree- 
like continuum for each y E Y Then X is a tree-like continuum if and only if Y is a 
tree-like continuum. 
3. Bellamy’s construction 
Consider a positive integer j and set n = 2(4’ - 1)(42 - 1) . . . (4’- 1). Let S,, E, 
0, e, d, H,, J, Q, w and r be like in the previous section. Since Ho is zero-dimensional, 
there is an embedding T of Ho into I. Denote by c the map T 0 w : E\(e) + I. Let c^ 
be the map defined in Proposition 2.4. 
Consider the product Q x I. Let 9 be the projection of Q x I onto Q. For points 
a and b from Q x Z let [a, b] denote the straight linear segment joining a and b. 
Let 2, denote the set {e} x T( H,), and let T be the union of the intervals [(d, 0), z] 
where z E Zj. Finally, let B, be the set {(x, z(x)) Ix E S,\J}u T. It follows from 
Proposition 2.11 that B, is a tree-like continuum. 
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Theorem 3.1. There is a continuous map4 : B, + B, which does not have periodic points 
with periods less than or equal to j. MoreoverJ;(Z,) = 2,. 
Proof. Let b be the midpoint of J, and let J, be the subinterval of J with the ends 
e and b. Let J; be the function defined by the following formula: 
1 
(g(q(x)), G(q(x)))), 
if 4(x) g J,, 
JXx’= Mdx)), (1 -p,,(g(q(x))))~(r(t))), 
if q(x)EJ, and x~[(e,~(t)),(d,O)], where tEH,. 
Let x be an arbitrary point of q-‘(J,\(b)) and let z denote q(x). Note that 
pO(z) <+. Let x,, x2,. . . be a sequence of points converging to x. We will show that 
lim,,,J(xi) =J;(x). Let zi denote 9(x,). Clearly, limi_m zi = z and we can assume 
that po(zi) ~4. Let e; denote e(z,). Since c^(zi) = (1 -p”(z,))c(e,) and the sequence 
{c^(zi)} converges, the sequence {c(e,)} converges. Since 7 is an embedding and 
c = 7 0 w, the sequence {w(e,)} converges. Let t denote limi_u, w(ei). Notice that 
x=(5(1-pO(z))~(t)) and consequently x~[(e,~(t)),(d,O)]. Since pO(zi)<$, 
e(g(z,)) = g(ei). By Proposition 2.9, w(g(e,)) = r(w(e,)). Since c*(g(z,))= 
(1 - Po(g(zi))>C(e(g(zi))) = (1 - Po(g(zl)))~(w(s(el))) = (1 - Po(g(z,)))T(r(w(ei))), 
we have the result that limi_ c^(g(z,)) = (1 -pJg(z)))T(r(t)). So limi,,J(xi) = 
(g(z), (1 -p&(z)))r(r(r))) =6(x) andJ; is continuous at each point of q-‘(J,\(b)). 
Since q 04 = g 0 q : B, + S,, and g( (S,\J,) u {m}) = (S,,\J) u {d}, continuity of J; fol- 
lows now from Proposition 2.5. The remaining part of the proof is a simple 
consequence of Propositions 2.6 and 2.10 and the equality q of; = g 0 q. 0 
Remark 3.2. Let i be a number such that there is an integer m > 2 with the property 
that m and n are relatively prime and m is a factor of either 2’ - 1 or 2’ + 1. (For 
example, take i = 2”, where v is an integer greater than the number of prime factors 
of n.) Let p be a positive integer and let x(p, m) be the point defined as in Remark 
2.7. Then the point y(p, m) = (x(t~, m), z(x(t~, m))) is a fixed point of (f;)j. It 
follows from Remark 2.7 and Proposition 2.10 that if y is a fixed point of (f;)‘, then 
y = y(p, m) for some integers p and m > 2 such that m and n are relatively prime 
and m is a factor of either 2’ - 1 or 2’t 1. 
4. A tree-like continuum admitting fixed point free maps with arbitrarily small 
trajectories 
Proposition 4.1. Suppose that Y, and Y2 are tree-like continua and let y, be a point 
from Y, . If HZ c Yz is a closed zero-dimensional set, then Y = ( Y, x Hz) u ({y,} x Yz) 
is a tree-like continuum. 
Proof. Observe that Y is a one-dimensional continuum. Consider the projection v 
of Y onto Y2. Since Y, and Y2 are tree-like, and the preimage r-‘(y) is either 
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degenerate or homeomorphic to Yi for each y E Yz, it follows from Proposition 
2.11 that Y is a tree-like continuum. 0 
Suppose that X is a continuum and f: X + X is a map. Let DT(f) denote the 
least upper bound of diameters of the trajectories of points from X. 
Theorem 4.2. There is a tree-like continuum X such that for each positive number E 
andfor each integerj there is a continuous map f: X + X with DT(f) < E andf ‘(x) # x 
foreachxEXandi=1,2 ,..., j. 
Proof. Denote by B the Cartesian product B, x Bz x B, x . . * . Let ?rk be the projec- 
tion of B onto B,xB,xB,x*.. x Bk. For each positive integer k, let z, be an 
arbitrary point of &. Let z denote the point (zl, z2, zj, . . . ) and let Ak denote the 
set {zl} x. . . x {zk-,} x Bh x Zk+, X Zk+, x Z,,, x. . . . Let X = lJT=, Ak. Observe that 
X is closed in B. To prove that X is tree-like, it is enough to prove that TV is 
tree-like for each positive integer k. We will do this by induction. Note that 
n,(X) = B,. Suppose that ?i-k(X) is tree-like. Then it follows from Proposition 4.1 
that ~~+,(X)=(~k(X)xZk+l)u({~k(z)}xB~+,) is also tree-like. 
Defineamapf:X+X bythe fOrmUlaf((x,,x,,x, ,... ))=(x ,,..., Xk_l,fk(Xk), 
%+I, zk+Z, zk+3,. . . ). Clearly f is continuous. In order to prove that f(X) c X, it is 
enough to prove that f(A,) c X for each positive integer i. If i < k, then f(Ai) = 
{z*I x . . . X {zi-,} X B, x Zi+, x. . * x zk x {zk+[} x {i&+,} x. . . is contained in Ai. If 
i = k, then f (A;) = {z,} x . . . x {z,-,} x Bi x {z,,,} x {zi+,} x. . . is contained in A;. If 
i>k,thenf(Ai)={z,}x. . . x {zk_I} x fk(zk) x {zk+*} x {zk+,} x. . . is contained in Ak. 
Ifx=(x1,x2,x3,.. . ), then l._z=_, f “(x) iS contained in {x,} x. * * x {xkpl} x Bk x 
&+I x &+2 x ’ * * , so by taking large k we can make DT(f) < F. Additionally, if 
k zj, then by Theorem 3.1, we have the result that f’(x) # x for each x E X and 
i=1,2 ,...., j. 0 
Observe that, if yk is a periodic point of fk (see Remark 3.2), then any point of 
the form (x1,. . . , xkpl, yk, zk+,, zkt2, zkt3,. . . ) is a periodic point Of$ 
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